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Abstract—This paper presents a unified planning-control strat-
egy for competing with other racing cars called IteraOptiRacing
in autonomous racing environments. This unified strategy is
proposed based on Iterative Linear Quadratic Regulator for It-
erative Tasks (i2LQR), which can improve lap time performance
in the presence of surrounding racing obstacles. By iteratively
using the ego car’s historical data, both obstacle avoidance for
multiple moving cars and time cost optimization are considered
in this unified strategy, resulting in collision-free and time-
optimal generated trajectories. The algorithm’s constant low
computation burden and suitability for parallel computing enable
real-time operation in competitive racing scenarios. To validate
its performance, simulations in a high-fidelity simulator are
conducted with multiple randomly generated dynamic agents on
the track. Results show that the proposed strategy outperforms
existing methods across all randomly generated autonomous
racing scenarios, enabling enhanced maneuvering for the ego
racing car.

I. INTRODUCTION
A. Motivation

Recently, there has been a growing interest in autonomous
racing [[I]-[4], which is a challenging subtopic in the field
of autonomous driving research. In such racing competitions,
the ego vehicle is expected to complete the required number
of laps on a designated track in the shortest time possible.
To achieve this goal, the autonomous racing algorithm must
address two critical challenges: maximizing driving speed
while simultaneously competing with other cars on the same
track. Traditionally, most existing work in this area tackles
these two problems separately. However, to secure victory in
a race, an algorithm must deliver time-optimal behavior in the
presence of other competing dynamic vehicles. In response
to this need, we propose a racing algorithm that enables the
ego vehicle to maintain high-speed performance even in the
presence of surrounding competing vehicles by considering
global optimality, as shown in Fig.

B. Related Work

In contrast to the planning and control algorithms for
autonomous vehicles on public roads, autonomous racing
algorithms must push the vehicle to its dynamic limit [5].
When competing on a track with other vehicles, the racing car
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Fig. 1: Snapshots from two simulation cases of the overtaking
behavior in a m-shape track. The red rectangle represents the ego
vehicle, and the green rectangles represent the moving vehicles that
serve as obstacles. Note that the proposed racing algorithm enables
the ego vehicle to smoothly overtake other racing cars. The solid blue
line and dashed brown line indicate the track’s boundary and center
line, respectively. The orange line shown in the inset is the optimized
open-loop predicted trajectory, and the brown line represents the
prediction trajectories of the moving vehicles acting as obstacles.

must overtake rivals as quickly as possible while adhering to
the constraints of track boundaries and ensuring safety. These
capabilities are crucial for achieving the fastest lap times and
ultimately winning the race [1f], [6]. However, these objectives
are inherently challenging. Calculating the optimal trajectory
for a complex race track can be time-consuming, especially
in the presence of other moving vehicles. Additionally, as
the vehicle approaches its physical limits, a more accurate
dynamics model is required by the planning and control
algorithm. Furthermore, given the rapidly changing racing
environment, autonomous racing algorithms must update at
a high frequency while maintaining a long prediction horizon
to ensure optimal performance. Any significant time delays
caused by the complex nonlinear optimization can severely
compromise the strategy’s effectiveness [7]. Previous studies
provide valuable insights into this field. Below, we review re-
lated work across diverse fields using different methodologies.

Model-based planning and control algorithms are widely
used in autonomous racing competitions. A common strat-
egy is to divide the task into two subtasks: minimizing lap
times and overtaking leading vehicles, with autonomous racing
algorithms tackling these issues separately. To minimize lap
times, some projects employ low-level controllers to track
the time-optimal trajectory of the race track. Optimization-
based approaches are widely used to generate these time-
optimal race lines [8[]-[14]. Since autonomous racing cars
always drive at their physical limit, improving the low-level
controller’s tracking performance in these scenarios is crucial



[15]-[17]. Meanwhile, reference-free model-based algorithms,
such as Model Predictive Contouring Control (MPCC) [18]
with dynamics learning, and data-driven based Iterative Learn-
ing Control (ILC) [19], [20], also demonstrate strong potential
for achieving exceptional performance in autonomous racing.

However, above approaches are limited to scenarios without
obstacles or with only static obstacles, making them more
suitable for pole position competitions during qualifying ses-
sions. On race day, autonomous racing cars face a more
complex environment, competing with multiple racing cars.
This requires quick and safe overtaking maneuvers in high-
speed and dynamic environments, demanding algorithms ca-
pable of high update frequency and handling highly nonlinear
vehicle dynamics at physical limits. Several approaches have
been explored, including model predictive control (MPC)
based algorithms for overtaking moving vehicles [21]-[24].
Graph search-based algorithms [25], [26], nonlinear dynamic
programming (NLP) [27] and optimization-based local re-
planning [28] are also used to solve this problem. Meanwhile,
game theory-based algorithms [29]-[31] offer a solution for
competing with other racing cars. Despite their successes,
these methods still have limitations. Research in [22], [23]],
[27] focuses solely on overtaking maneuvers in free space
environments, neglecting lap time performance. In [22], [23]],
the lack of a high-level trajectory planner can lead to dead-
locks. While algorithms in [21], [24]-[26] consider lap time
performance, these algorithms can handle only one moving
obstacle at a time. In contrast, the local trajectory planner in
[28] optimizes performance along the prediction horizon while
competing with multiple cars. However, its nonsmooth switch
between optimizing lap time performance and overtaking other
racing cars limits the overall performance. Meanwhile, high
computational burdens of game theory-based algorithms are
unsuitable for real-time competition with multiple racing cars
due to their complex problem formulations.

Recently, emerging learning-based techniques have been
applied to autonomous racing competitions. For instance, a
Bayesian optimization algorithm is used in [32]] to compute the
time-optimal trajectory for a track. Meanwhile, various learn-
ing algorithms-such as deep reinforcement learning (DRL)
[33]-[39], Deep Neural Networks (DNNs) [40], Q-learning
[41], Imitation Learning (IL) [42], Deep Learning (DL) [43]
and Reinforcement Learning (RL) [44]-are used to train end-
to-end control policies to optimize the vehicle’s lap time
performance directly. In scenarios where the ego vehicle
competes with other racing cars, learning-based algorithms
also present their capabilities to address this challenge. A
RL-based algorithm [45] is developed to learn overtaking
maneuvers in different sections of a specific track offline.
Gaussian process (GP) based strategies are developed in [46],
[47] to predict the future movements of opponents in racing
games. Authors in [48] use RL to train an end-to-end au-
tonomous racing policy and evaluate its lap time performance
against other cars in a video game based simulator. However,
learning-based methods often require extensive data and track-
specific training. Overfitting can occur when complex real-

world factors, such as partially slippery track surfaces and
tire wear, are insufficiently modeled in the video game. More
importantly, while the training process is suitable for video
game based simulator, it may not be practical for real-world
racing due to safety concerns, particularly the risk of collisions
during the training process.

As discussed, existing efforts in planning and control design
for autonomous racing cars struggle with improving lap time
performance and executing overtake maneuvers simultane-
ously. Especially, model-based strategies often suffer from
nonsmooth switches between the planner and the controller
when the ego vehicle must overtake leading vehicles [28].
While end-to-end policies obtained through learning-based
algorithms seem to avoid such switches, they require extensive
training for each specific track, demanding large amounts of
data and raising safety concerns in complex real-world racing
environments [45], [48]]. Furthermore, most existing studies
focus on scenarios involving only a few competing vehicles,
which fails to capture the complexity of real-world races [48]].
Table [[] presents a comparative analysis of various strategies
and their distinct features within the car-racing scenario.

The iterative linear quadratic regulator (iLQR) [49], [50]
has recently gained popularity as a model-based predictive
controller offering a solution to the local infeasibility often
faced by MPC. Building on this, and inspiration by iterative
learning based control and the recent work [S1f], we propose
an autonomous racing algorithm that seamlessly integrates the
planner and controller into a unified framework. The proposed
approach improves lap time performance while competing
against multiple competitors. Specifically, it utilizes historical
data from previous laps to improve lap time performance while
executing overtaking maneuvers on multiple moving racing.
This strategy avoids the nonsmooth switch between the time-
optimal controller and overtaking controller, resulting in an
improved racing performance.

C. Contribution
The contributions of this paper are as follows:

« We present a novel real-time implementable autonomous
racing strategy called IteraOptiRacing that is based on
Iterative Linear Quadratic Regulator for Iterative Tasks
(iI2LQR). The proposed strategy unifies the planner and
controller into a single algorithm and handles scenarios
both with and without multiple surrounding moving ve-
hicles seamlessly.

« The proposed strategy avoids the nonsmooth switch be-
tween different scenarios seen in previous methods, which
improves the performance of the ego racing car. By
using historical data of the ego racing car, the proposed
algorithm is capable of improving lap time performance
across different race tracks in real time. Its unified strat-
egy contributes to the fast overtaking maneuver in the
presence of multiple surrounding moving vehicles.

« We validate the proposed autonomous racing algorithm
using a high-fidelity racing simulator featuring randomly
generated moving vehicles. The results demonstrate that
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Table I: A comparison of recent work on autonomous racing.

“N/A” indicates that an attribute is unclear or not applicable to a given

approach. “Multi.” signifies that the algorithm was evaluated in an environment containing multiple dynamic obstacles.
Notably, our proposed method can adeptly handle multiple challenges simultaneously while maintaining a high update
frequency.

our approach enables the ego racing car to overtake
multiple moving vehicles more quickly than the previous
approach in various racing scenarios while maintaining
a steadily low computational complexity. This makes it
suitable for the fast-changing racing environment.

II. BACKGROUND

In this section, we present the vehicle model and introduce
the baseline methods used for demonstrating the results.

A. Vehicle Model

In this work, a dynamic bicycle model with decoupled
Pacejka tire model under Frenet coordinates is used for the
algorithm design and numerical simulations [53|]. The nonlin-
ear system dynamics is described as follows,

i = f(z,u), (D
where x € R™ and v € R™ are the state and input of the
vehicle, f represents the nonlinear bicycle dynamics model
in [[53]]. The definitions of the system states and inputs are as
the following,

T = [V, Uy, W, €y Sy €], u = [a, 8], )
where the acceleration at the vehicle’s center of mass of
a and steering angle § are the system inputs. s. is the
curvilinear distance travelled along the track’s center line,
ey and ey denote the lateral deviation distance and heading
angle error between vehicle and center line. v,, v, and w,
represent the longitudinal velocity, lateral velocity and yaw
rate, respectively. Specifically, at time step ¢, we denote the
system state and input vectors by z; and u;.

In Sec. to get a relatively accurate discrete-time dy-
namics model for the algorithm, we use an affine time-
varying model from [19]. This model directly learns a linear
approximation of the system dynamics around x; using a
local linear regressor, and its formulation in IteraOptiRacing
is presented in (4D).

Notice that, the exact nonlinear dynamics for the bicycle
model (I) is employed in our high-fidelity simulator using
Euler discretization with sampling time 0.001s (1000 Hz),
which is also used for our simulation analysis in Sec.

B. Baseline Autonomous Racing Strategies

In this subsection, we briefly introduce the three state-of-
the-art autonomous racing strategies which are later used as
baseline methods in this article. All the three strategies are
based on learning-based MPC control [19].

LMPC uses historical data in an iterative manner to handle
autonomous racing tasks. In such tasks, the autonomous sys-
tem repeatedly addresses the same challenge across iterations.
Specifically, LMPC optimizes lap time through historical
states, inputs and the associated cost-to-go from previous
iterations. This cost-to-go is the time required to complete
the lap from the associated state and is determined after each
lap’s completion. A tracking controller, such as PID or MPC,
is used to collect initial data over the first few laps.

After the initial laps, LMPC is deployed to optimize the
ego racing car’s behavior based on the collected data. At each
time step, the terminal constraint of a local MPC problem is
formulated as a convex set, containing states that drive the car
to complete previous laps. By defining the cost function as
a minimum-time problem, this local MPC problem computes
a time-optimal open-loop trajectory. Since the cost function
incorporates cost-to-go data from historical states, the ego
racing car can complete the lap within a time that is no
greater than the time from the same position during previous
laps. Ultimately, the ego racing car converges to time-optimal
performance after several laps. Further details on the LMPC
algorithm are available in Appendix [A] and [52].

1) LMPC with Local Re-Planning: The LMPC alone can-
not handle dynamic obstacles on the race track. To enable
competitive performance among multiple obstacles, as shown
in [28]], an autonomous racing strategy that switches between
two modes is proposed. When no surrounding vehicles are
present, the LMPC shown in the previous subsection is used
to improve the ego vehicle’s lap time performance. During
overtaking maneuvers, an optimization-based planner in the
MPC framework generates feasible trajectories for passing. A
low-level MPC controller is used to track them. Further details
on this re-planning strategy are provided in Appendix |B| and
[28]].

2) LMPC with Slacked Target Terminal State: In the orig-
inal LMPC formulation, the open-loop terminal state must
lie within the convex hull formed by historical closed-loop
states. However, with other dynamic obstacles on the track,
this convex hull may become unreachable by the end of



the terminal horizon. To improve feasibility, authors in [54]]
introduce a modified LMPC algorithm. In this approach, each
individual historical state in the convex hull serves as a
target terminal state for the local MPC optimization. Slack
variables are added to allow for a certain degree of terminal
constraint violation. When the obstacle avoidance constraint is
also included, this approach becomes suitable for generating
open-loop trajectories in the presence of other racing cars.
The ego racing car then uses the first control input of the
feasible trajectory with the minimum cost-to-go. More details
are available in Appendix [C] and [54].

3) LMPC with Slack on Convex Hull: To ensure feasi-
bility in the local MPC optimization, the original LMPC
algorithm can also be adopted by relaxing the convex hull
constraint [54]. By adding obstacle avoidance constraints when
dynamic obstacles are within the local MPC’s prediction
horizon, the terminal state of the optimal open-loop trajectory
is allowed to lie outside of the convex hull of historical states.
This adjustment enables the ego racing car to overtake other
dynamic obstacles while maintaining lap time performance.
Further details can be found in Appendix [D]and [54].

Remark 1: We select these three model-based racing strate-
gies as baselines. Similar to the proposed algorithm, all of
these baseline methods are suitable for competing with multi-
ple racing cars while improving lap time performance. In the
absence of obstacles, these strategies enhance the ego agent’s
performance through learning from historical data, while the
results in [51] demonstrate that i2LQR achieves the same
optimal performance as the LMPC algorithm under obstacle-
free conditions, indicating that the performance of the three
baselines aligns with that of IteraOptiRacing in such scenarios.
In the context of racing, these methods execute multi-vehicle
avoidance while optimizing lap time performance.

III. PROPOSED ITERAOPTIRACING ALGORITHM

After introducing the vehicle model and baseline rac-
ing strategies, we present the proposed autonomous racing
planner-controller algorithm in detail. This algorithm is de-
signed to assist the ego vehicle in overtaking other moving
vehicles while considering the lap time performance.

A. Autonomous Racing Strategy

IteraOptiRacing racing strategy is based on the iterative
LQR for iterative tasks in dynamic environments (i2LQR)
[51]. Fig. [Z] illustrates the framework of the overall algorithm.
It comprises the following components: offline data collection
and online optimization.

1) Data Collection: During the process of data collection,
the algorithm collects the historical data of the ego racing car
from the starting point to the finish line for each lap. This
historical data encompasses the ego racing car’s past states,
inputs, and the cost-to-go associated with each recorded state.
The cost-to-go, same as the one used in the LMPC framework,
represents the time required to complete the corresponding lap
from the recorded state. The algorithm stores the historical
information into a historical data set H. To collect initial data,

a straightforward tracking controller, such as PID or MPC
controller, is employed for the first several laps, which can
be conducted offline. Subsequently, the proposed autonomous
racing algorithm leverages the recorded data to optimize the
performance of the ego racing car while acquiring additional
data simultaneously to further enhance its performance.

2) Online Optimization: In online optimization, our strat-
egy not only optimizes lap time based on historical data,
but also provides safe trajectories in scenarios with multiple
dynamic obstacles to avoid collisions. At each time step of
online optimization, an optimal target state is selected from
historical data set H for iLQR optimization. To achieve this
while considering reachability, we first pick the K -nearest
neighbors in H with respect to the current state and construct
the target terminal set Z;. Next, the local optimization problem
iterates through the target terminal set Z;, selecting each
candidate z, as the target terminal state, with cost-to-go values
prioritized in descending order. Subsequently, an iLQR-based
controller will generate the open-loop optimal trajectories for
these candidates. In this process, each z, € Z; corresponds
to an individual local optimization problem, which generates
candidate open-loop trajectories for the ego racing car.

In the absence of the surrounding vehicles, our control
strategy focuses on optimizing lap time. After iterating over
each candidate 2z, in Z; and generating trajectories using
iLQR, the proposed algorithm selects the optimal candidate z,
based on both time optimality and reachability. The algorithm
evaluates the reachability by determining whether the terminal
state of the iLQR-generated trajectory satisfies the tracking
error constraint related to z,. Meanwhile, we evaluate the
time optimality by considering the cost-to-go associated with
each target terminal state, ensuring the selection of the target
terminal states that contribute to minimizing lap time. By
prioritizing reachable target states that minimize the cost-to-go
during the selection process, the vehicle is able to reach the
finish line in a time no greater than that of the same position
in previous laps. Consequently, the ego vehicle can achieve
time-optimal performance after several laps.

When overtaking other vehicles, the proposed algorithm can
still optimize lap time while ensuring the safety of the ego
racing car. To achieve this, we convert obstacle avoidance
constraints into soft constraints by rewriting them as parts of
the cost function. Similar to the situation with no obstacles,
our control strategy iterates through the candidates z, € Z;
in ascending order of the cost-to-go and generates trajectories
using iLQR. However, to facilitate fast and smooth overtaking
maneuvers, our algorithm dynamically adjusts the parameters
of the local iLQR optimization problem for each candidate
Zg, taking into account reachability and obstacle avoidance
capabilities. This approach ensures the generation of optimal
and safe trajectories that fulfill both objectives, enhancing
lap time performance while safely overtaking surrounding
vehicles.

In the proposed algorithm, since solving the local opti-
mization problem with different candidate terminal state z, is
independent, the parallel computing technique can be used to
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Fig. 2: IteraOptiRacing racing strategy. Initial historical data are collected offline through recursive tasks. During the online optimization, a
target terminal set Z; is constructed at each time step using K -nearest points from the historical data. Together with surrounding vehicles’
information, points z, from this target terminal set will be used to formulate K local iLQR optimization problems, which come with adaptive
cost functions and can be solved efficiently through parallel computing. The dynamics used for these optimization problems are an affine
time-varying model based on the open-loop predicted states and inputs from the last time step. Finally, the best collision-free trajectory will

be selected among K candidate optimized trajectories.

speed up the computation process, in which multiple optimized
open-loop trajectories can be obtained simultaneously. After
obtaining all the K optimized open-loop trajectories, the best
collision-free trajectory is selected by considering the tracking
error condition, the potential for collisions with obstacles,
and the requirement for time optimality. The corresponding
optimal inputs are then executed by the ego vehicle.

The proposed approach solves the optimization problem
using a unified framework, enabling the planning of optimal
trajectories for scenarios both with and without surrounding
vehicles. This integrated methodology eliminates the nons-
mooth transitions between the time-optimal and overtaking
controllers observed in previous works, therefore enhancing
performance and safety during overtaking maneuvers. Details
about the proposed algorithm are presented in the following
subsections.

B. Target Terminal Set Construction

In this subsection, we introduce the construction of the
target terminal set Z; in detail using points derived from the
historical data set /. At time step ¢, K -nearest neighbors with
respect to the current state z; are selected to construct the
target terminal set using the following criteria:

K
argmin Z Hzgfxtﬂ%z (3a)

Zg =1
st. zg€H,g=1,.., K, with all z, distinct (3b)

where H is the historic data set, D, is a diagonal matrix that
contains weight coefficients for state variables. To enhance
computational efficiency, only the historical states from the
selected previous iterations are used for the selection of K-
nearest points. Consequently, these selected points are used as
the target terminal states z, for the local iLQR optimization
problems.

In this study, without parallel computation, in order to allow
the ego vehicle to improve its lap time and reduce the compu-
tation time of the algorithm, points z, with smaller cost-to-go

Fig. 3: An illustration of the iterative cycle for target terminal state
selection where the states on the left assume to have a smaller cost-
to-go. Ego vehicle at the current time step is marked in red, while
dynamic obstacles are marked in green. Points in skyblue are the
selected nearest points and those in grey are the historical states.
Specifically, current state is considered as the guided state defined
in [51], and purple cross is the target terminal state. The orange
line is the best open-loop trajectory. During different iterations,
the algorithm selects varying target terminal states in purple and
computes their associated candidate trajectories.

is first used by the local iLQR optimization problem. This
procedure is iteratively performed until the optimal open-loop
trajectory aligns with the algorithm’s requirements, at which
point the optimal control is executed by the ego racing vehicle.
This engineering process enables high-frequency operation
even without parallel computation. A diagram to present this
process is shown in Fig. [3

C. Local iLQOR Optimization

The following constrained finite-time optimal control prob-
lem is solved through iLQR for each z, € Z;:
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where is the cost of the optimization problem; N is the
horizon length; (@b) is the affine time-varying dynamics as
introduced in Sec. where Ay¢, By, and Cy, are state-
dependent and time-varying matrices; (c), represent the
input/state constraints and initial conditions, respectively.

1) Cost Function: The cost (#a)) includes terminal cost and
stage cost. The stage cost is defined as the following:

Q(Tesrier Uernte) = Nrrrpel B + [werrp — vern—1pellir )

where k = 1,..., N—1, R € R?*2 and dR € R?*? are adap-
tive stage weights. The terminal cost introduces the difference
between the open-loop predicted terminal state and the target
terminal state z, from target terminal set Z; in the quadratic
form:

p($t+N\taZg) = thJert - ZQHQQN (©)

where Qxn € R%%6 is an adaptive terminal weight.

2) Reformulating State and Input Constraints as Cost
Terms: To solve the above optimization problem @) through
iLQR, we transform the constraints on states and inputs to
part of the new cost function through the exponential function
used in [49],

c=q exp(qf) (7)

where f < 0 represents the constraint, g; and ¢, are the tuning
weights. Specifically, for the obstacle avoidance constraint, the
following constraint is formulated:

L — ||z pppe — xp,t+k|t||%’ <0 3

which approximately treats the vehicle as an ellipse at step &
of the prediction horizon. ;¢ is the ego vehicle’s predicted
state at step k in the prediction horizon; x, ;| is the p-
th surrounding vehicle’s predicted state at step k. P € R6x6
represents the weight matrix as follows,

P = diag(0,0,0,0, (Il + Uz, y e bsafe + Seafe) 25 (d + Sgate) "),
©)
where [ and d are the vehicle length and width, respectively.
v, 18 the ego vehicle’s velocity at step k of the prediction
horizon, tgy. is the safe head way and s,y is a safety margin.
This condition is included as a part of the cost function.
Remark 2: To ensure the safety of the system and generate
collision-free trajectories, we implement an iterative process
for each z4, in which our strategy continuously adjusts the
weights of the cost and constraints, solving the optimization
problem in (@) based on the updated weights. At each iter-
ation, a trajectory is first generated using iLQR along with
the weights from the previous iteration. This trajectory is

then evaluated to determine whether it satisfies the following
condition:

2—d?>>0, (10)

(Sct+k - sC7Pt+k>2 + (eyt+k - ey,pt+k)2 -

where k = 1,..., N, s, and ey, , are the ego vehicle’s open-
loop traveling distance and lateral deviation at time step t-+k of
the prediction horizon in the iLQR optimization, respectively;
Sc.peir, and ey p, . are the p-th surrounding vehicle’s predicted
traveling distance and lateral deviation at time step ¢+ k of the
prediction horizon, respectively. If the above condition is
not satisfied, our strategy compromises reachability to ensure
collision-free trajectories in the next iteration. Specifically, the
tracking weight @ in (6) is adjusted to Q n/m¢, . Similarly,
R and dR in (B) are updated to R/mp and dR/mgg.
Furthermore, the weight of the obstacle avoidance constraint is
increased. Specifically, the parameter ¢ in the corresponding
exponential barrier function is scaled by a factor of
¢2(1+my, ). This adjustment ensures that the iLQR algorithm
converges towards satisfying the avoidance constraint during
the backward pass. The above hyperparameters (mg, > 1,
mpr > 1, mgr > 1, 0 < mg, < 1) can be tuned. This iterative
process repeats until the trajectory generated by iLQR satisfies
the safety conditions in (T0) or the maximum iteration number
is reached.

D. Best Collision-Free Trajectory Selection

In this section, we introduce how to select the best collision-
free trajectory in multi-vehicle competition scenarios. For each
target terminal state z, € Z;, the optimization problem (@)
is solved by iLQR optimization mentioned in Sec. [[II-C|
Therefore, we can get the optimal open-loop state and control
sequences associated with each target terminal state z,. To
determine the best optimized trajectory, we apply the following
two criteria: (a) whether the open-loop trajectory will collide
with any surrounding vehicles at the next time step, and (b)
whether the open-loop terminal point x;; |z can reach the
target terminal state z,. Additionally, we adjust the parameters
to assess the reachability based on whether the scenario
involves overtaking. For overtaking scenarios, the following
criteria is employed to ascertain whether the i-th surrounding
vehicle is within the ego vehicle’s overtaking range:

(1)

where s. and s, are the ego vehicle’s and the p-th sur-
rounding vehicle’s traveling distance; v, and v, , denote their
longitudinal speeds; [ is the length of the vehicle; and € and
are tunable parameters for the safety margin and prediction
ratios, respectively. We first use the safe boundary (I0) to
check whether the generated trajectory is collision-free with
the surrounding vehicles. If it is collision-free, then we check
its reachability. Two metrics are used for this purpose: the
tracking ratio and the convergence ratio. The tracking ratio is
evaluated using €; and €2, which checks whether the terminal
state of the open-loop trajectory is sufficiently close to the
target terminal state z,:

—el < Sc,p — Sc < el + ,Y|’U:E - Uw,i|

zernye — 20l)* <€ (12)



where € = €1 when no other vehicle exists and ¢ = 5 when
competing with other racing cars. If the above condition is not
satisfied, we further check whether the optimal solution from
the previous iteration, ¢ — 1, and the current iteration, 7, meet
the convergence criterion:

i1 e+ npt — Iz‘,t+N|t||2/||~’Ci—1,t+1v|t\|2 < (13)

where ¢ = 1)1 when no other vehicle exists and ¥ = )
when competing with other racing cars. Finally, among all
trajectories that pass all above checks, the optimal open-loop
trajectory of z, associated with the minimal cost-to-go h(z4)
is selected as the best optimized trajectory. The optimal input
ujl , associated with this trajectory is applied to the ego vehicle.

Remark 3: To ensure optimal lap time performance and
improve the success rate of overtaking maneuvers, two distinct
sets of parameters, €1, €2, and similarly, 1, 15, are employed.
When no surrounding vehicles are present, smaller values for
the tracking ratio, €1, and the convergence criterion, v, are
used to facilitate faster trajectory convergence and enhanced
lap time performance. Conversely, when the ego vehicle is
competing with other vehicles, larger values, o and o,
are applied to ensure the generation of safe, collision-free
overtaking trajectories.

Remark 4: Compared with the i2LQR algorithm proposed
in [51]], the IteraOptiRacing strategy eliminates the need for
selecting the optimal target terminal state in an iterative
manner during nearest points selection, thereby reducing com-
putational time in real-time applications. Additionally, when
solving the local iLQR optimization problem for each candi-
date z, to generate collision-free trajectories, our algorithm dy-
namically adjusts the parameters of each cost term to enhance
obstacle avoidance capabilities. Finally, in the Best Collision-
Free Trajectory Selection process, the IteraOptiRacing strategy
incorporates both the tracking ratio in (I2) and the error
convergence ratio in (I3) as selection criteria. This ensures
the generation of safe, collision-free overtaking trajectories,
even in scenarios with multiple surrounding vehicles.

IV. RESULTS

After introducing the proposed autonomous racing algo-
rithm, IteraOptiRacing, we now proceed to validate its per-
formance through numerical simulations. In this section, we
describe the simulation setup and present the corresponding
results.

A. Simulation Setup

In all simulations, the vehicles are 1:10 scale RC cars,
each measuring [ = 0.4m in length and d = 0.2m in
width. The ego vehicle’s speed ranges from Om/s to 1.5m/s,
with maximum acceleration and deceleration of 1 m/s?. The
speed ranges of the surrounding vehicles vary depending
on the specific setup, but their maximum acceleration and
deceleration match those of the ego vehicle. Each surround-
ing vehicle is controlled by a PID controller, which guides
it based on randomly assigned target velocities and lateral
deviations. This randomized configuration emulates the diverse

and unpredictable behaviors of surrounding vehicles, creating
a realistic and challenging environment. By incorporating such
variability, the setup rigorously evaluates the robustness and
efficacy of our approach through comprehensive randomized
stress testing. The following sections will provide a detailed
explanation of the random target velocity and lateral deviation
settings.

1) Randomization of Target Lateral Deviation for Surround-
ing Vehicles: For all random scenarios mentioned later in
this section, surrounding vehicles’ target lateral deviation,
denoted as d(t), is a time-dependent function. It is randomized
by combining two components: a low-frequency component
diow(t) and a high-frequency component dhien(t). The total
target lateral deviation at any time ¢ is given by:

d(t) = diow(t) + dpign(t) (14)

The low-frequency lateral deviation component djoy(t) is
updated every 12 time steps. Initially, djow(t) is sampled from
a uniform distribution: djow(t = 0) ~ U (—0.7m,0.7m). Af-
terward, it is adjusted every 12 time steps by adding a random
variation Adjew(t), which is sampled from ¢/(—0.2m, 0.2 m).
Between updates, the value of djoy(t) remains constant.

The high-frequency component dygn(t) follows a similar
structure but with more frequent updates. It is updated every
6 time steps and introduces finer variations in the target lateral
deviation. At time ¢ = 0, the high-frequency component
is initialized with a value drawn from dugn(t = 0) ~
U (—0.15m,0.15m). Subsequently, at every 6 time steps, it
is adjusted by a random variation Adpg(t), sampled from:
U (—0.1m, 0.1 m). This component ensures that smaller, more
frequent variations are introduced into the lateral deviation.

This combination of randomized values ensures a dynamic
range of lateral deviations, thereby guaranteeing the diversity
of maneuvers exhibited by surrounding vehicles in the ran-
domized scenarios.

2) Randomization of Target Velocity for Surrounding Vehi-
cles: In several batches of tests, we introduce randomness to
the target velocities of surrounding vehicles, categorizing these
velocities into three distinct intervals: V; = [0.2m/s, 0.4m/s],
Vo = [0.4m/s,0.6m/s] and V3 = [0.6m/s,0.8m/s]. The
target velocity v(t) is updated every 12 time steps in a
piecewise manner as follows:

ot) = {v(t —1), t#12k

15
t =12k, ke Z* (15)

Uuwvi,
where ¢ € {1,2,3} and U(V;) denotes that the velocity is
randomly drawn from the corresponding interval at every 12
time steps update.

The track’s width is set to 2m. The horizon length for the
proposed autonomous racing strategy is N = 12. For a fair
comparison in this section, we maintain consistency in the
controller settings, specifically by using the same prediction
horizon and number of nearest points selected for all baseline
methods, including LMPC with local re-planning, LMPC
with Target Slack, and LMPC with Slack on Convex Hull.



Description Notation & Value
Number of nearest points selected K =32
Adaptive ratio of terminal weight mqgy = 20
Adaptive ratios of stage weights mpg,Mqr = 5,1.1
Adaptive ratios of constraint weights mgy, = 0.1
Safety-margin ratio in (TI) e=5

Prediction ratio in (TT)) v=2

Safety margin in (9) Sqafe = 0.1m
Safe time in () toafe = 25
Tracking ratio without obstacles in (12) €1 =04
Tracking ratio with obstacles in @ g0 =1.0
Convergence ratio without obstacles in (T3) | ¥ = 0.0
Convergence ratio with obstacles in P2 = 0.03

Table II: Values of hyperparameters for numerical simulations

Furthermore, all methods employ two iterations during the
optimization process. In addition, for the setup of random
scenarios, all random trajectories of surrounding vehicles in
the subsequent subsections’ tests are pre-generated and stored
in advance, ensuring that the trajectories are deterministic
for each test. The discretization time At is set to 0.1s. The
chosen values of hyperparameters discussed in Sec. used
for numerical simulations can be found in Table [

The simulations are implemented in Python, with the op-
timization modeled in CasADi and solved using IPOPT on
Ubuntu 18.04.6 LTS, utilizing a CPU i7-8700 processor with
a base clock rate of 3.20 GHz. Notice that this work does not
consider any interaction between the ego vehicle and other
surrounding vehicles, such as Stackelberg games [55]).

B. Performance Analysis of IteraOptiRacing in Racing Sce-
narios

In this subsection, we analyze the performance of our
proposed algorithm in racing scenarios, where the ego vehicle
is competing with multiple surrounding moving vehicles.
The snapshots shown in Fig. 4| demonstrate the overtaking
capability of the ego vehicle using the proposed algorithm
when it competes with three surrounding vehicles. From the
snapshots, it is evident that the ego vehicle smoothly overtakes
through a narrow space between the surrounding vehicles.

To further validate our algorithm, we conduct a comparative
analysis with the baseline racing strategies: LMPC with local
re-planning, LMPC with Target Slack, and LMPC with Slack
on Convex Hull in the following subsections. In the following
subsections, we denote LMPC with local re-planning as Base-
line 1, LMPC with Slack on the Convex Hull as Baseline 2,
and LMPC with Target Slack as Baseline 3. This evaluation
aims to assess the performance and limitations of our proposed
autonomous racing algorithm in complex racing environments.

C. Distribution Analysis in Random Overtaking Tests with
Different Speed Range

In this section, we compare the time taken by our approach
and baseline racing strategies to overtake the leading vehicles
traveling at different speed ranges. The track utilized in this
section is in an M-shaped configuration, with a total length of
51 m, containing a total of 9 surrounding vehicles competing
with the ego vehicle. In each racing scenario, the ego vehicle

Fig. 4: Snapshots from simulation of the overtaking behavior using
IteraOptiRacing. The red rectangle represents the ego vehicle, and
the green rectangle represents the moving obstacles. The orange line
shows the open-loop predicted trajectory of IteraOptiRacing. The
track’s boundary is marked with solid blue line.

starts from the origin of the track, while the surrounding
vehicles start from a random curvilinear distance within the
range of 5m < s., < 40 m. The surrounding vehicles’ speeds
and lateral deviations are also randomly generated in specific
segments introduced in Sec. To evaluate and compare
the performance of our racing strategy with respect to the
baseline strategies, we conducted 100 randomly generated tests
for each speed range, resulting in 300 tests in total across all
speed ranges.

Figs. [} [6] and [7] respectively show the distribution of the
number of obstacles successfully overtaken by each controller
across 100 tests in scenarios with 9 obstacle vehicles within
specific speed ranges. The distribution for each test is mea-
sured either upon the ego vehicle completing a full lap or
reaching the maximum simulation time limit of 110s. In all
three figures, the distribution of the number of obstacle vehi-
cles overtaken by our approach is notably more concentrated
on the right side compared to the other three methods. This
indicates that our method is more effective in overtaking within
the specified speed range than the alternative approaches,
allowing for the overtaking of more obstacle vehicles in less
time, which represents smoother overtaking maneuvers. In
addition, it can be observed that, compared to the other three
methods, IteraOptiRacing does not experience any failures due
to conflicts with boundary constraints, control constraints, or
obstacle constraints across all the random tests. The smooth
maneuvers that our approach provides are essential to avoid
abrupt movements that could lead to failure, ensuring not only
effective performance but also the overall safety of the system.

D. Success Rate in Random Overtaking Tests Across Different
Tracks

To further compare the proposed autonomous racing strat-
egy with the other three approaches, we not only analyze their
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Fig. 5: Distribution analysis of overtaking performance across the
0.2m/s-0.4m/s speed range with 9 obstacle vehicles. The bar chart
represents the statistical results of the number of overtaken vehicles
across 100 tests, while the curve is obtained by fitting a Gaussian
distribution to the data from the bar chart. The success rate of our
approach in overtaking all vehicles is significantly higher than that
of other baseline methods.
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Fig. 6: Distribution analysis of overtaking performance across the
0.4m/s-0.6 m/s speed range with 9 obstacle vehicles. Our proposed
method overtakes more racing cars on average compared with other
baseline methods, with a peak around 6-7 racing cars.

overall result distributions but also explore their performance
in each individual test. In this section, we utilize three track
shapes: L-shape, M-shape, and ellipse, each approximately
51m in length. For each batch of tests, the ego vehicle is
simulated alongside 9 surrounding vehicles whose speeds are
randomized within a specified range, as detailed in Sec. [[V-AT]
Similarly, the initial positions of the obstacle vehicles are
randomized within the range of 5m < s.; < 40m. We
define “success” as overtaking all surrounding vehicles within
the track by the time the ego vehicle reaches the finish
line. Then, we examine whether the proposed autonomous
racing algorithm with i2LQR consistently outperforms the
other three methods in every case across different scenarios.
Table [I1I| presents a comparison of the overtaking success and

Agent Distribution Across the 0.6 m/s--0.8 m/s Speed Range
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Fig. 7: Distribution analysis of overtaking performance across the
0.6 m/s-0.8 m/s speed range with 9 obstacle vehicles.

Success Rates
@: TteraOptiRacing and at least one baseline strat
-egy succeeds, ®: only IteraOptiRacing succeeds
¢: only baseline strategies succeed, %: all fail

Random Speed
Range (m/s)

L shape Ellipse M shape
0.2,0.4] 24%%  62%° | 17% 26% | 12% 49%
B 0% 14%4 0% 57% 0% 39%
[0.4,0.6] 1% 4% 1% 2% 0% 4%
U 0% 95% 0% 97% 0% 96%
0.6,0.8] 0% 1% 0% 1% 0% 0%
o 0% 99% 0% 99% 0% 100%

Table III: Success rates for IteraOptiRacing compared with baseline
strategies in different scenarios after one lap. For each batch of
tests, 100 randomized cases are simulated where statistical results
about whether overtake maneuvers are successful are classified into
four categories marked with following superscripts: (a) IteraOp-
tiRacing succeeds and at least one baseline strategy succeeds (b)
only IteraOptiRacing succeed (c) only baseline strategies succeed
(d) all fail. These superscripts apply to each block of the table.
Analysis of the statistical results, which include various tracks and
different randomized speeds, reveals that there is no case in which
the baseline strategies outperform ours. In contrast, in all other
scenarios, our approach consistently surpasses the baseline strategies,
e.g., percentage value in (c) is always zero, while our proposed
strategy always outperforms baseline strategies in various cases. €.g.,
percentage value in (b) is always bigger than or equal to zero.

failure rates for the ego vehicle after completing one lap. As
expected, as the speed range increases with faster surrounding
vehicles, there are fewer opportunities and less time available
for the ego vehicle to pass safely. Although the success rate
drops for all the algorithms, our proposed autonomous racing
strategy still shows its advantages for more complicated racing
scenarios. In fact, for all groups of simulations, there is no
instance in which either LMPC with local replanning, LMPC
with Target Slack, or LMPC with Slack on Convex Hull
successfully overtakes all leading vehicles, while our approach
fails to do so. This highlights that the proposed racing strategy
consistently outperforms previous approaches in every test
scenario, even as complexity increases.

In order to compare the solving time of our method and
other three methods, we collected the computational time for



Baseline 3
0.485

Baseline 2
0.456

Baseline 1
0.309

Approach | IteraOptiRacing

0.036

mean [s]

Table 1IV: Average computational time when overtaking the sur-
rounding vehicles for randomized tests described in the set up in
Section |TV_33[ The results demonstrate that our proposed strategy
outperforms the other approaches in terms of computational efficiency
during overtaking.

overtaking in each case across different tracks. In each case,
the overtaking phase of the ego vehicle is identified using
the criteria outlined in (TI), and the computational time is
measured specifically during this phase. Table [IV] presents the
categorized results for each controller, showing the average
solving time. The data demonstrates that ours requires less
computational time than the other methods.

V. CONCLUSION

We present a unified approach to a planning and control
algorithm in autonomous racing called IteraOptiRacing. We
demonstrate the robustness and performance of the proposed
strategy through numerical simulations, where surrounding
vehicles start from random positions and move with random-
ized speeds and lateral deviations. The results show that the
proposed algorithm outperforms the state-of-the-art methods in
different racing scenarios. Moreover, future work will address
the interactions between the ego vehicle and other competitors,
considering how the strategic decisions of both the ego vehicle
and other competitors may mutually influence their trajectories
and overall performance.
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APPENDIX
A. Learning-based MPC

By using the historical data from previous iterations, the
LMPC algorithm drives the system from the starting state zg
to the terminal set X'z in the least possible time. Mathemati-
cally, the following minimum-time optimal control problem is
solved:

T-1
T,UUIE-I,I}LTA ; ! (162)
st mpy1 = flag,ug), VE=1[0,...,7—1]
(16b)
x€X, €U, Vt=10,...,T] (16c)
rr € Xp, Tg = Tg, (16d)

where (T6D) represents the system dynamics model, and
are the constraints of system states and inputs. For each
iteration, the system starts at the starting point g and is driven
to reach the terminal set X'». For instance, in an autonomous
racing competition, x g represents the starting line of the track;
Xp={xe€R:[000010}x=s.> L} represents the
states beyond the finish line when the length of the track is
L.

For each j-th iteration that successfully drives the system to
the terminal set X'r, the algorithm stores the historical states
and inputs in a historical data set H. Meanwhile, after the
completion of j-th iteration, cost-to-go values, representing the
time to finish the corresponding iteration from the stored state
to the terminal set, are computed and stored for each stored
historical state. Here, we discuss the LMPC algorithm for car
racing competitions as described in [|19]]. For this scenario, the
cost-to-go represents the time to finish the corresponding lap
from the state to the finish line and is computed after the ego
racing car finishes the corresponding lap.

To formulate the local optimization problem, a subset of
the stored historical states is used to construct a local convex
set, which is used as the terminal constraint of the local
optimization problem. Since this convex set includes the states
that drive the ego vehicle to the finish line in the previous laps,
this terminal constraint formulation guarantees the feasibility
of the system.

For the car racing competition, this convex set is defined as

the convex hull of the K -nearest neighbors to the current state
x;. The following criterion is used to select these points:

K
argminz zg—z¢| |5, (17a)

zZg =1
St 2g # Zm, Vg # m (17b)
zg€H,g=1,... K (17¢)

where H is the historic data set, D, is a diagonal matrix
that contains weighting coefficients for state variables. Conse-
quently, we select K-nearest points around current state x; at
each timestep considering weighting D, for each dimension.
To enhance computational efficiency, only the historical states
from iteration [ to j are utilized for the selection of K -nearest
points. Then, the following matrix is used to store these K
points: _ _
Di(x)=[zhi.,... 27, ]

Lyxsy PR
ty ty

(18)

Then, the local convex safe set around xi can be defined as:

CLl(z) = {z € RS : 3\ eRE,
A>0,1"\=1, D}(z)\ = 7}
19)
Meanwhile, the following local convex Q-function is de-
fined as the convex combination of the cost-to-go associated
with the K -nearest neighbors we select:
Q;(Z,z) =min J;(z)A

A : (20)

st. A>0,1"A=1,D/(x)A==

where A € R¥ 1 is a vector of ones and the row vector

@) = e g @)oo s T @)

—)T’( i T N

represents the cost-to-go associated with the K historical states

from the /-th to the j-th iteration. The cost-to-go .J}_,,; (27) =

T7 —t denotes the remaining time required for the vehicle to

travel from state x7 to the finish line along the j-th trajectory.
Then, for time step ¢ of j-th iteration, the LMPC algorithm

aims to solve the following finite-time optimal control problem

by using the local convex safe set and Q-function:

thﬁt+N (:L'g ’ Zg) =

t+N—1
: J J=1/,0\\J
cuin, [;t h(zg,) + 377 ()N (2la)
s.t. xflt:xf, (21b)
N 201N = 1,D] ()N = xl,y,. (2lo)
i1 = f@e,ue), (214d)

ol € Xouhy, €EUNk=1t,--- i+ N -1, (2le)

where N denotes the prediction horizon for the controller, ]
represents the current state, )\{ € RX is used to describe the
local convex Q-function defined in (A). In the cost function
(2Ta), the stage cost h(.) is defined as

1 If$¢XF

hz) = 0 Else (22)

2] is a candidate terminal state. It is selected as the convex

combination of the columns of the matrix Slj (x), which is
the evolution of the states stored in the columns of the



matrix Di (z): S} (z) = [xill’*+l""’$i§;*+l}
(21c) guarantees that the terminal point xi LNt lies within
the convex set CL](z]). Equation describes the vehicle
dynamics, while equation (21a) represents the state and input
constraints.

Since the cost function is based on the cost-to-go associated
with stored historical states, this local optimization problem
guarantees that the vehicle can reach the finish line with time
that is no greater than the time from the same position during
previous laps. In this way, the algorithm improves the racing
car’s lap time performance continuously and reaches its time-
optimal performance after several laps.

The objective of the optimization problem at timestep ¢ is to
minimize the cost associated with reaching the terminal state,
while ensuring reachability. This is achieved by finding the
optimal vector A} within the convex set constructed based on
the potential terminal state z;, which determines the terminal
state LN that the system seeks to reach from z7. Since the
cost function is based on the cost-to-go associated with stored
historical states, this local optimization problem guarantees
that the vehicle can reach the finish line with time that is no
greater than the time from the same position during previous
laps. In this way, the algorithm improves the racing car’s lap
time performance continuously and reaches its time-optimal
performance after several laps.

Based on the LMPC algorithm, three autonomous racing
strategies are developed to drive the ego racing car to compete
with moving racing cars on the track.

. The constraint

B. Learning-based MPC with Local re-Planning

To compete with multiple competitors in a car racing
scenario, authors in [28]] propose an autonomous racing strat-
egy that switches between two modes. When there are no
surrounding vehicles, the LMPC (21)) trajectory planner is used
to improve the ego vehicle’s lap time performance. When the
ego vehicle is overtaking leading vehicles, an optimization-
based planner generates feasible trajectories and a low-level
MPC controller is used to track them. In this section, we
primarily discuss the racing strategy when competing against
other vehicles.

When leading vehicles are sufficiently close, an
optimization-based trajectory planner is activated to
optimize several homotopic trajectories in parallel. Following
optimization problem is used to compute these trajectories:

Np—1
argmin (Lo nye)+ g q(Toqp)
Ttit+Np |t Wt:it+Np—1|t k=0

N,—1
"‘E T(T ooty Utk s Tepho—1]ts Uttk—1[t) (23a)
k=1

S.t. $t+k+1‘t = Amt+k‘t + But+k‘t7 k= 07 ceey Np_17 (23b)

Tppkt1ye € Xy Uppge €U =0,..., Np—1, (23¢)
) (23d)
g(xt+k+1|t) Zd+65k:07"'7Np_17 (238)

where (23b), (23c)), (23d) are constraints for vehicle dynamics,
state/input bounds and initial condition. When there are n

surrounding vehicles, n + 1 sets of Bézier curves are used
as reference paths. The cost function ([23a) generates n + 1
trajectories by minimizing deviations from these reference
curves while optimizing timing performance. The feasible tra-
jectories generated by this optimization are then evaluated, and
the autonomous racing strategy selects the optimal solution
from the multiple candidate trajectories, which is subsequently
tracked by a low-level MPC controller.

C. Learning-based MPC with Slacked Target State

In this section, to enhance feasibility, the authors in [54]
modify the LMPC formulation. Specifically, they utilize a
series of points from K-nearest neighbors D _1(2J) instead
of the local convex hull in equation (2Ic). For each candidate
point z, € D] 71(2{ ), they solve an optimization problem in
ascending order based on the cost-to-go. The optimal control
problem for each z, is defined as follows:

JgatJrN(m%? Zg) =
t+N—1 ‘

ouin [ kZ_:t h(@],,) + &1 Quack 11 (24a)
st @y, =i, (24b)
@] H €= 2929 € D)) (24c)
Ti41 = f(xhut) s (24d)
mi‘t € zauilt eu, (24e)

Vk=t,--- ,t+ N —1,
In the above equations, the slack vector & € RS is

introduced to provide flexibility in the system’s terminal state
constraints. £; allows for small deviations between z, and
) 4> thereby ensuring the problem remains feasible even if
the ideal solution cannot be perfectly achieved. Additionally,
&7 Quiack,1&1 is added in the equation to balance feasi-
bility and optimality. Qgiack,1 € R*6 is the weight matrix that
allows for a certain degree of constraint violation. By adding
obstacle avoidance constraint to the optimization problem, this
formulation is suitable to compete with other racing cars on
the race track.

D. Learning-based MPC with Slack on Convex Hull

In this section, we introduce another method for Relaxed
LMPC in [54). The authors build upon the LMPC problem
(21) by relaxing the convex hull constructed in equation ZIc)
with the addition of slack variable &5. Thus, the optimal control
problem is updated as follows:



thﬁtJrN(xi Zg) =

t+N-—1
win, | Y w3 DN+ Que €
UL k=t
(25a)
s.t. x{‘t =al, (25b)
U = 14&,D]7 (A = 2]y,
M >0,6 >0, (25¢)
Tip1 = flog,ue) (25d)
€ X, up, €U, (25¢)

Vk=t,- t+N—1,

where & is introduced as a scalar relaxation that permits
minor deviations, allowing the optimization problem to remain
feasible while minimizing the impact through the penalization
term Qjjack,2 - 5% . Qglack,2 1s the weighting factor that allows
for a degree of relaxation of the convex hull.

Remark 5: Notice that in Appendices and D] the ob-
stacle avoidance constraints of the controller are implemented
using discrete control barrier functions, expressed as follows:

b(xpq1)e) > ywrb(@pe), k=1t,...,t + N (26)

v € 10,1) and wy, are tunable parameters, N is the prediction
horizon for the controller and b(.) indicates the safe bound-
ary which is presented in (I0). In (T0), the safe boundary
relies on the predicted trajectories of surrounding vehicles.
These trajectories are deterministic, as we pre-generate the
trajectories of all surrounding vehicles within a specified
simulation timeframe. Consequently, our control strategy and
these baseline strategies can obtain the predicted trajectories,
which are of horizon N, based on the current simulation time
of the ego vehicle.

Remark 6: The two slack formulations (24a) serve
distinct geometric purposes: While in Appendix [C]the equation
(24a) relaxes the terminal state xi e to exactly match an
individual historical point z, € Dlj “Hxl) via & (bypassing
convex hull constraints entirely), the formulation in Ap-
pendix D] instead introduces relaxation on the convex weights
] via &, allowing the terminal state to deviate slightly from
the hull’s interior. The former prioritizes exact convergence to
specific historical states, whereas the latter maintains approx-
imate adherence to the historical distribution’s shape.
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